arXiv:math/0211080vl [math.DG] 5 Nov 2002 


NILPOTENT SZABO, OSSERMAN AND IVANOV-PETROVA 
PSEUDO-RIEMANNIAN MANIFOLDS 

B. FIEDLER AND P. GILKEY 


Abstract. We exhibit pseudo Riemannian manifolds which are Szabo nilpo- 
tent of arbitrary order, or which are Osserman nilpotent of arbitrary order, or 
which are Ivanov-Petrova nilpotent of order 3. 


1. Introduction 

Let R be the Riemann curvature tensor of a pseudo-Riemannian manifold (M, g) 
of signature (p, q). The Szabo operator S is the self-adjoint linear map which is 
characterized by the identity: 

g{S{x)y 1 z) = VR{y, x, x, z; x). 

One says that (M, g) is Szabo if the eigenvalues of S(x) are constant on the pseudo¬ 
spheres of unit timelike and spacelike vectors: 

S ± (M,g) := {cc € TM : g{x,x) = ±1}. 

Szabo [ ^o| used techniques from algebraic topology to show in the Riemannian 
setting (p = 0) that any such metric is locally symmetric. He used this observation 
to give a simple proof that any 2 point homogeneous space is either flat or is a rank 
1 symmetric space. Subsequently Gilkey and Stavrov Q extended his results to 
show that any Szabo Lorentzian (p = 1) manifold has constant sectional curvature. 
By replacing g by —g, one can interchange the roles of p and of g, thus these results 
apply to the cases q = 0 and q = 1 as well. 

The eigenvalue zero is distinguished. One says that (M, g) is Szabo nilpotent of 
order n if S{x) n = 0 for every x £ TM and if there exists a point Pq £ M and a 
tangent vector xo £ Tp 0 M so that 5(a:o) n_1 ^ 0. One says that ( M,g ) is Szabo 
nilpotent if (M, g) is Szabo nilpotent of order n for some n. Note that (M, g) is 
Szabo nilpotent if and only if 0 is the only eigenvalue of S\ consequently any Szabo 
nilpotent manifold is Szabo. There is some evidence [jll|, |l9j to suggest, conversely, 
that any Szabo manifold is Szabo nilpotent. 

If (M, g) is Szabo nilpotent of order 1, then S(x) = 0 for all a; £ TM. This 
implies |lj] that VR = 0 so ( M,g ) is a local symmetric space; this is to be re¬ 
garded, therefore, as a trivial case. Gilkey, Ivanova, and Zhang Jl2|] have constructed 
pseudo-Riemannian manifolds of any signature (p, q) with p > 2 and q > 2 which 
are Szabo nilpotent of order 2; these were the only previously known examples of 
Szabo manifolds which were not local symmetric spaces. In this brief note, we shall 
construct pseudo-Riemannian metrics g n on R n+2 which are Szabo nilpotent of or¬ 
der n > 2; the metric will be balanced (i.e. p = q) if n is even and almost balanced 
(i.e. p = q ± 1) if n is odd. By taking an isometric product with a suitable flat 
manifold, the signature can be increased without changing the order of nilpotency. 
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Theorem 1.1. Let n > 2. There exists a pseudo-Riemannian metric g n on M™ +2 
which is Szabo nilpotent of order n. If n = 2 p, then g n has signature (p+ 1 ,p+ 1); 
if n = 2p + 1, then g n has signature (p+l,p + 2 ). 

The Jacobi operator is defined analogously; it is characterized by the identity: 

g{J{x)y 1 z) = R(y,x,x,z). 

One says that ( M,g) is Osserman if the eigenvalues of J are constant on S ± (M). 
In the Riemannian setting, Osserman wondered |l7]] if this implied (M, g) was a 2 
point homogeneous space. This question has been answered in the affirmative in 
the Riemannian setting BE for dimensions =£ 8,16, and in all dimensions in the 
Lorentzian setting |]l], ||. 

We shall say that (M, g) is Osserman nilpotent of order n if J(x) n = 0 for every 
x £ TM and if there exists a point Po £ M and a tangent vector Xq £ Tp 0 M so 
that J(x o ) n_1 7 ^ 0, i.e. 0 is the only eigenvalue of J. Such manifolds are necessarily 
Osserman. Osserman nilpotent manifolds of orders 2 and 3 have been constructed 
previously 1011 - These manifolds need not be homogeneous, thus the question 
Osserman raised has a negative answer in the higher signature setting. A byproduct 
of our investigation of Szabo manifolds yields new examples of Osserman manifolds; 
again, the signature can be increased by taking isometric products with flat factors. 

Theorem 1.2. Let n > 2. There exists a pseudo-Riemannian metric g n on M™ +2 
which is Osserman nilpotent of order n. If n = 2 p, g n has signature (p + l,p+ 1); 
if n = 2p + 1, g n has signature (p + l,p + 2 ). 

If {fi, f 2 } is an oriented orthonormal basis for a non-degenerate oriented 2 plane 
7 r, we define the skew-symmetric curvature operator by setting 1Z(w) := R(fi, ./g). 
We say (M,g) is Ivanov-Petrova nilpotent of order n if TZ(n) n = 0 for any non¬ 
degenerate oriented 2 plane 7 r and if there exists 7 r so 1Z( 7 r ) n_1 / 0. We refer to || 
for further details concerning Ivanov-Petrova manifolds. Another byproduct of our 
investigation yields new examples of these manifolds: 


Theorem 1.3. There exist Ivanov a-Petrov a pseudo-Riemannian manifolds which 
are nilpotent of order 2 and of order 3. 


Here is a brief outline to the paper. In Section g, we give a general procedure 
for constructing pseudo-Riemannian manifolds with certain kinds of curvature and 
covariant derivative curvature tensors. We apply this procedure in Section to 


complete the proof of Theorem 1.1. Lemma 3.1 deals with the cases n = 2 and 


n = 3, Lemma 3.2 deals with the case n = 2£ + 1 > 5, and Lemma 3.3 deals with 
the case n = 21 + 2 > 4. In Section [|, we prove Theorem [l.2| and in Section |, we 


prove Theorem 1.3 


One can also work with the Jordan normal form; one says (M, g) is Jordan Szabo 
(resp. Jordan Osserman or Jordan IP) if the Jordan normal form of S (resp. J or 
TV) is constant on the appropriate domains of definition. The examples constructed 
in this paper do not fall into this framework; in particular, there are no known 
Jordan Szabo pseudo-Riemannian manifolds which are not locally symmetric. 


2. A family of pseudo-Riemannian manifolds 

We introduce the following notational conventions. Let (x,u\, ...,u v ,y) be coor¬ 
dinates on K" +2 . We shall use several different notations for the coordinate frame: 


B = {e 0 ,ei, ...,e„ + i} = {X, Ui ,..., U v , Y} := {<9 X , d Ul ,..., d u „, d y }. 

Let indices i,j ,... range from 0 through iz +1 and index the full coordinate frame. Let 
indices a,b range from 1 through v and index the tangent vectors {U \,...., U u }. In 
the interests of brevity, we shall give non-zero entries in a metric g 1 curvature tensor 
R, and covariant derivative curvature tensor Vi? up to the obvious Z 2 symmetries. 
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Lemma 2.1. Let f = f(u) be a smooth function on M? and let 3 be a constant 
invertible symmetric v x v matrix. Define a metric gp on ]R !y+2 by setting: 


9f(X, X) = f (u), g f (X,Y) = 1, and g f (U a ,U b )=E ab . 

All other scalar products equals zero. 

(1) Then the non-zero entries in R gf are R gf (X,U a ,U b ,X) = —^U a U b (f). 

(2) The non-zero entries in V R gf are XR gf (AT, U a , U b , X; U c ) = —^U a U b U c (f). 

Proof. Since dS = 0, the non-zero Christoffel symbols of the first kind are: 

(2.a) r o00 = ToaO = — Tooa = \U a {f)- 

Let 3 ab be the inverse matrix. We adopt the Einstein convention and sum over 
repeated indices to compute: 

F ijb g^e^i, C b ) g(fiij e k , e b ) ZZab SO ZL r ij b: 

LijV+1 — g{^j — difiij ^ki — r 'ij SO Y^j — 0, 

T^o = ff(V 6i ej, e 0 ) = g(Tij k e k , e 0 ) = /I\y° + Y^ 1 so Y i:j v+1 = F ii0 - 
Thus the non-zero Christoffel symbols of the second kind are: 

(2.b) T a0 v+1 = ro 0 v+1 = \U a {f) and V = 

The components of the curvature tensor relative to the coordinate frame are: 


(2-c) 


Rijkl — BjT j k i ejTikl T 'V., I h 7 ; ?) / b TjniTik }• 


By equation (|2.b|), T ifc ° = T jk ° = 0. By equation (|2.a|), Y itV+ = r 7> +i ifc = 0. 
Thus the index n in equation (2.c) is neither 0 nor i/+1. Thus by equation (2.a) and 
equation (2.b), i = j = k = l = 0 . This shows that the terms which are qua drat ic 
in T play no role in equation (be). Assertion (1) then follows from equation (2.a). 
The covariant derivative of the curvature tensor is given by: 

(2-d) Rijkl;n = &nRijkl '*ff jp \Y ni P Rpjkl T ^ njPRipkl “1“ r nk^Rijpl H - r nl^ Rijkp\ • 


By equation © r**° = 0. Thus we may assume 0 in equation ( |2.d| ). Further¬ 
more, by assertion (1), R„ + i*** = 1?*^+!** = R** v+ i* = l?***^! = 0 so we may 
also assume p v + \ in equation (2.cl). Thus T n i p Rpjki = 0 unless i = j = 0 and 
similarly Y n j p Ri pk i = 0 unless i = j = 0. Thus these two terms cancel. Similarly 
r nk p Rijpi cancels Y n i p R ijkp . Thus Rijki-n = e n Rijki and assertion (2) follows. □ 


Remark 2.2. Let p be the associated Ricci tensor; p(£,£) = Trace(J(£)). We 
have p(ei, e g ) = Y^ki 9 kl R(. e ii e fc> e i: &j)- Since R vanishes on e^+i, we may sum over 
k,l <v. Since g ok = g k0 = 0 for k < v, p(ei,ej) = J2 ab 9 ab R( e i> e a,e b ,ej). Thus 
p(ei,ej) = 0 for (*,j) (0,0) and the only non-zero entry of the Ricci tensor is 
p(e o,eo) = The associated Jacobi operator will be nilpotent if 

and only if this sum vanishes. Raising indices yields a Ricci operator p with the 
property that /5(e 0 ) = — \Y^ab’^‘ ab ^ad b f and p(ej) = 0 for i > 0. Thus p 2 = 0 
so the Ricci operator is nilpotent of order 2 and non-trivial if and only if g is not 
Osserman. 


If / is quadratic, then R is constant on the coordinate frame; if / is cubic, then 
Vi? is constant on the coordinate frame. However, these tensors are not curvature 
homogeneous in the sense of Kowalski, Tricerri, and Vanhecke jl5| since the metric 
relative to the coordinate frames is not constant. 

The tensors of Lemma 2.1 are related to hypersurface theory. Let M be a non¬ 
degenerate hypersurface in !b a ’ b ); we assume M is spacelike but similar remarks 
hold in the timelike setting. Let L be the associated second fundamental form and 
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let S = XL be the covariant derivative of L\ L is a totally symmetric 2 form and S 
is a totally symmetric 3 form. We may then, see for example Q, express: 

Rl{x 1,X 2 , X 3 , Xi) = L(x 1 ,Xa)L(x 2 ,X 3 ) - L(Xi,X 3 )L(x 2 ,X4), 

VRl,s(xi,x 2 ,x 3 ,X4 : ;x 5 ) = S(x 3 , a; 4 , x 5 )L(x 2 , x 3 ) + L(x\, xa)S(x 2 , x 3 , x 5 ) 

(2.e) - S(xi,x 3 ,x 5 )L(x 2 ,Xi) - L(xi,x 3 )S(x 2 ,X 4 ,x 5 ). 


If L is an arbitrary symmetric 2 tensor and if S is an arbitrary totally symmetric 
3 tensor, then we may use equation (2.6) to define tensors we continue to denote 
by Rl and VRl,s■ We refer to || for the proof of assertion (1) and to jn| for the 
proof of assertion (2) in the following result: 


Theorem 2.3. 

(1) The tensors Rl which are defined hy a symmetric 2 form L generate the 
space of all algebraic curvature tensors. 

(2) The tensors XR k: s which are defined by a symmetric 2 form L and by a 
totally symmetric 3 form S generate the space of all algebraic covariant 
derivative curvature tensors. 


The tensors of Lemma 2.1 (2) are of this form. Let 

, 5 c Ca,b,c'U'a'U , b'U'c 




be a cubic polynomial in the u variables which is independent of x and y. Then: 
Vi? = VRl,s for L(di,dj) :=S 0ii S 0l j and S(d i ,d j ,d k ) := -\didjd k f. 


3. Nilpotent Szabo manifolds 

In this section we will use Lemma [2.1| to prove Theorem by choosing 3 and 
/ appropriately. We shall consider metrics of the form: 

g(X, X) = f(t, u, v), g(X, Y ) = 1, g(T, T) = 1, g(U ai V b ) = S ab - 

the spacelike vector T will not be present in some cases. The vectors {U a ,V a } are 
a hyperbolic pair. 

We begin by discussing the cases n = 2 and n = 3. 


Lemma 3.1. 

(1) Let B 2 := {X, U, V,Y} = {d x , d U: d Vl d y } be the coordinate frame on K 4 
relative to the coordinate system (x,u,v,y). Define a metric g 2 by: 

9 2 (X,X) = 4'U 3 , g 2 (x, Y) = 1, g 2 (U,V) = 1. 

Then g 2 has signature (2,2) on R 4 and g 2 is Szabo nilpotent of order 2. 

(2) Let B 3 := {X, T, U, V, Y} = {d x ,d t ,d Ul d Vl d y } be the coordinate frame on 
R 5 relative to the coordinate system (x,t,u,v,y). Define a metric g 3 by: 

g 3 (X,X) = -tu\ g 3 (T,T) = 1, g 3 (U,V) = 1, g 3 (X,Y) = 1. 

Then g 3 has signature (2,3) on R 5 and g 3 is Szabo nilpotent of order 3. 


Proof. Let B* = {e°,..., e y+1 } be the corresponding dual basis of B; it is charac¬ 
terized by the relations g(ei , e J ) = Sf For example, we have 


(3.a) 

By 


B* 2 = 


Lemma 2.1 


{Y,V,U,X-fY} and B 3 = {Y, T,V,U, X — fY} 
the only non-zero component of V R g2 is 
Vi? 92 (X, U,U,X; U) = 1. 


Let £ = !;qX + ^iU + &V + f 3 Y be a tangent vector. We use equation ( fha| ) to raise 
indices and conclude: 


(OX = &Y - otfv, S g2 (£)U = -OfiV + ZUiV, S g2 (OY = S(OV = 0. 
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Thus <S S2 (£) 2 = 0 for all £ while <S g2 (£) 0 for generic £. Assertion (1) now follows. 

Similarly, the only non-zero components of XR gs are 


Vi? S3 (X, u, U, x- T) = XR gs (X, u, T,X; U) = 1 . 


We use equation (3.a) to raise indices and compute: 


S ga (£)X=*T + *Y + *V, S g3 (S)Y = 0, 
S g3 (£)T = *Y + *V, 

S g3 (£)U = *T + *Y + *V, S ga (0V = 0 


where * = *(£) denotes suitably chosen cubic polynomials in the coefficients of £ 
that is generically non-zero; as the precise value of this coefficient is not important, 
we shall suppress it in the interests of notational simplicity. It is now clear that 
<S ff3 (£) 3 = 0 for all £ while tS 93 (£) 2 is generically non-zero. □ 


Next we consider the case n = 2t + 1 > 5. Let (x, t, u 2 ,..., ut+ 1 , v 2 , •••, v^+i, y) be 
coordinates on R 2 ^ +3 which define the associated coordinate frame: 


B := {X, T, U 2 , ..., U t+ i,V 2 , ..., V t+ i,Y} = {d x : &U2 1 *•*) 9 Ul + 1 , dy 2 , ..., , dy }. 

Lemma 3.2. Let £ > 2. Define a metric g 2 e+i on R 2f+3 6j/ setting: 
g 2 Z+l(X,X) = -tu\ - E2 <a<A u * + «a)«a+l: 


<? 2m (X,y)-l, < 72 ^+i(r, T) — 1, 32^+1 {U a ,Vb) — Sab- 


Then g 2 e+i is a metric of signature (£+1, +2) and Szabo nilpotent of order 21+1. 

Proof. Let 2 < a < £. By Lemma |2.l| , the non-zero components of VR are: 

Vi?(X, U 2 ,U 2 ,X;T) = VR(X,T,U 2 ,X-U 2 ) = 1, 

VR(X,U a+1 ,U a+1 ,X-U a ) = XR(X,U a+1 ,U a ,X;U a+1 ) = 1, 

VR(X,U a+1 ,U a+1 ,X-V a ) = XR(X,U a+1 ,V a ,X;U a+1 ) = 1. 

The dual basis is B* = {Y, T, V 2 , ..., tyj+i, U 2 , ..., L 4 + 1 , X—/Y}. Let £ be an arbitrary 
tangent vector. We raise indices and compute: 


S(£)X 

S(£)X 

S(£)T 

sm 2 

sm a 

S{Z)U l+1 
S®v a 
S(W +1 


€ Span{Y, T, t/ 2 ,..., 14, V 2 ,..., V t+1 }, 

= 0 , 

= *y + *y 2 , 

= *T + +Y + *14 -(- ★V 3 , 

= *14 —1 + *Y + -kV a -i + *14 + aI4-i-i for 3 < a < £, 
= *14 + *L T *14 T *14+1 
= +Y + *I4 + i for 2 < a < £, 

= 0 


where * is a coefficient that is non-zero for generic £. If £ is a subspace, let a = (3+S 
mean that a — (3 € £. We compute: 


S(SrUe +1 = *E4+i_ M + Span{F 2 ,...,^ +1 ,y}, 1 < fi < l - 1 

S(0 £ U e+1 = *T + Span{V 2 ,..., I 4 + 1 , Y}, 

S^Ut+i = *V r M+ i-< + Span{V r M+2 _/,...,V< + i ,Y}, £+l<g<2£-l 
S(£) 2£ E4+i = *w +1 + S P an{F}. 

Thus 5(£) 2 ^ 0 for generic £. One shows similarly 5(£) 2 ^ +1 = 0 for every £ by: 

S{fi)> J 'B C Span{T, U 2 , ..., I4+i- m , V 2 , ■■■, I4+ 1; X}, 1<m<£-1 
S(O e B C Span{T, V 2 ,...,T4 +i,Y'}, 

SifiYB C Span{I fai-t, ...,V e+1 ,Y}, £ + 1 < g < 2i 

and S(0 2e+1 B = {0}. □ 
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We complete the proof of Theorem 1.1 by considering the case n = 2£ + 2 for 
£ > 1. Let (x, u\ 1 U 2 ,..., ut+i, v \,..., V£+i, y) be coordinates on R 2£+4 which define 
the associated coordinate frame: 


B := {X, C/i, U t +i,V u V t+ i,Y} = {d x , d Ux ,..., d ut+1 , d Vl ,..., d vt+1 , d y }. 

Lemma 3.3. Let i > 1. Define a metric g 2 t +2 on R 2f+4 by setting: 

92i+2(X 1 X) = - El<a<^( U a + »«)«a+1 “ |«1, 
g2t+2{X, Y) = 1, g2e+2(U a ,Vb) = 5 a b- 

Then g 2 e +2 is a metric of signature (£ + 2, £ + 2) and Szabo nilpotent of order 21+2. 
Proof. Let 2 < a < i + 1. The non-zero components of XR g2e+2 are: 
VRg^X^U^X-Uj = 1 , 

V Rg 2 e+ 2 (X, U ai U ai X; U a —\) = X R 92t+2 (X, U a , U a - U X; Ua) = 1, 

Vi? S2 , +2 (X,[/ a ,t/ a ,X;K-i) = Vi? S2 , +2 (X,C/ ai y a _i,X;C/ a ) = 1. 

We compute: 


S®X 

= kU\ + ... + kU( + *J + kV[ + ... + *14+1) 

s(S)Ui 

= kY + *Vi+*I / 2> 

s(S)u a 

= *U a ~ i + kY + -kV a -1 + *14 + *14+1 for 

S{QUt +1 

= kUi + kY + *14 + *14+1, 

sm 

= 0, 

SiOVa 

= kY + *I4+i for 1 < a < £, 

S{W+1 

= 0. 


We may then show 5(£) 2f+1 is generically non-zero by computing: 

SiO^Ut+i = W t+1 - fl + Svfm{Y,V 1 ,...,V l+1 }, l<g<£ 

S{trU e+ 1 = *V^_/ + Span{y ) V M+ i_/,...,Vi + i}, £+l<g< 2 £ 

S(0 2(+1 Ue +1 = *I4+i + Span{y}. 

A similar argument shows d>(£) 2f+2 = 0 for all £. We can write 

S(trB C Span{^ 1) ...,Ui +1 _ Mi yi,...,y /+1 ,y} ) l<g<£, 

S(trB c Span{y M _ / ,...,y /+1 ,y} ) £ + l<g<2£+l 

and S(C) n+2 B = {0}. □ 

Remark 3.4. One can also consider the purely pointwise question. We shall say 
that ( M,g ) is Szabo nilpotent of order n at P £ M if S(x) n = 0 for all x £ TpM 
and if iS(xo) n_1 ^ 0 for some xq £ TpM. Throughout Section || we considered 
cubic functions to ensure that Vi? was constant on the coordinate frames; thus the 
point in question played no role. However, had we replaced u 3 by u 4 , tu 2 by tu 3 , 
u a u 2 a+1 by u a ul +1 , and c Q u 2 +1 by v a u 3 +1 , then we would have constructed metrics 
g n which were Szabo nilpotent of order n on TpR n+2 for generic points P £ R" +2 , 
but where Vi? vanishes at the origin 0 £ R” +2 . Since the order of nilpotency would 
vary with the point of the manifold, these metrics clearly are not homogeneous. 


4. Nilpotent Osserman manifolds 

In Section ||. we used cubic expressions to define our metrics to ensure the tensors 
Rijki;n were constant on the coordinate frame. To discuss the Jacobi operator, we 
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use the corresponding quadratic polynomials. We adopt the notation of Section |] 
to define metrics: 


§ 2 (X,X) = -u 2 , g 2 (X, Y) = 1, g 2 (U,V) = 1, 

9 a{X,X) = -2 tu-u 2 , g 3 (T,T) = 1, g 3 (U,V) = 1, g 3 (X,Y) = 1, 

921 +l(X, X) = -2 tu 2 ~u\- E 2 <a< + W)«a +1 + ^+l}, 

5 2f+1 (X,F) = 1, g2i+i(T, T) = 1, g 2£+1 ([/ a ,n) = 5™,, (£ > 2) 

92 t+ 2 {X, X) = - El<a< + W)«a+1 + ~ « 1 , 

^ +2 (X, y) = 1, gu+ 2 {U a , V b ) = 6 ab (£ > 1). 


Lemma 4.1. 

(1) c /2 has signature (2,2) and is Osserman nilpotent of order 2. 

(2) g 3 has signature (2,3) and is Osserman nilpotent of order 3. 

(3) § 21+1 has signature (£+!,£ +2) and is Osserman nilpotent of order 21?+ 1. 

(4) § 2 t +2 has signature (£ + 2, £ + 2) and is Osserman nilpotent of order 21?+ 2. 


Proof. By Lemma 2.1 


the non-zero components of Rg 2 are 


(4.a) 


R §a (X,U,U,X) = l. 


Assertion (1) now follows since: 


J - g2 (£)X = *Y + *V, Jg 2 (f)U =*Y + *v, Jg 2 (f)Y = J(f)V = 0 


where * denotes suitably chosen quadratic polynomials in the components of £ which 
are non-zero for generic £. 

Similarly, the only non-zero component of XRg 3 are 
(4.b) R- 93 (X, U, U, X) = 1 and R- g3 (X, U,T,X)= 1 . 

Assertion (2) now follows since: 

Jg 3 (OX = *T + *Y + *V, Jg 3 (Z)Y = 0, 

J Sa (Z)T = *Y + *V, 

Jg 3 (Z)U = *T + *Y + *V, Jg 3 (£)V = 0. 

We take £ > 2 to prove assertion (3). Let 2 < a < £. The non-zero components 
of R 2 t+ 1 are: 


1 = Rg 2e+1 (X, U 2 ,u 2 , X) = Rg 2e+1 (X, T, U 2 , x) 

(4-c) = Rg 2e+1 (X, U a + 1 , U a+1 ,X) = Rg 2 e+ 1 (X, Ua+i, U a , X) 

= Rg 2 e+i (X , U a + 1 , V a , A'). 


Assertion (3) follows from the same argument as that used to prove Lemma 3.2 


as: 


J(OX e Span{F, T, U 2 ,.... U e , V 2 ,..., V e+1 }, 

J(f)Y = 0, 

J(f)T = *Y+ *V 2 , 

J (OU 2 = ★T + YY + *V2 + kV 3 , 

J(0)Ua = *U a -1 + *y + *14 —1 + *14 + *14+i for 3 < a < £, 
J(0)Ut+i = *Ui + *T + *14 + *14+1, 

W=*b+W 0+ 1 for 2 < a < £, 

J(Ov e +1 = 0 


To prove assertion (4), we take £ > 1. Let 2 < a < £ + 1. The non-zero 
components of R g2l+2 are: 


1 = Rg 2t+2 (X, Ui , Ui , X) = (X, U a ,U a ,X) 

= Rg2e+2(X, U a ,U a - 1 , X) = Rg 2t+2 (X,Ua, V a - 1 , X). 
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We may then compute: 

J(f)X = -kTJ\ + ... + -kUl + ~kY + *Vi + ... + *W+li 
J(OC/l = *Y + *V L+*F 2 , 

J{£)U a = -kU a -\ + i + for 2 < a < t, 

J (OUe+1 = *u t + *y + + *W+ij 

J(Z)Y = 0, 

J(0K = *P + *Fa+i for 1 < a < f, 

J(0W+i = 0. 


Assertion (4) now follows from the argument used to establish Lemma L3. 


□ 


Remark 4.2. Again, one can consider pointwise questions. We shall say that 
( M,g) is Ossersman nilpotent of order n at P £ M if J(x) n = 0 for all x £ TpM 
and if J(xo) n ~ 1 ^ 0 for some Xq £ TpM. By replacing u 2 by w 3 , tu by tu 2 , u a u a +i 
by u a u„ +1 , and v a u a +1 by u a it 2 +1 , we could construct metrics g n on R n+2 which are 
Osserman of order n on TpM n+2 for generic points P £ R n+2 , but where R vanishes 
at the origin 0 £ R" +2 . This gives rise to metrics where the order of nilpotency 
varies with the point of the manifold; such examples, clearly, are neither symmetric 
nor homogeneous. 

Remark 4.3. Stanilov and Videv |H| defined a higher order analogue of the Ja¬ 
cobi operator in the Riemannian setting which was subsequently extended to arbi¬ 
trary signature. Let Gr rjS (M, g) be the Grassmannian bundle of all non-degenerate 
subspaces oiTM of signature (r, s). We assume 0 < r < p, 0 < s < q, and 
0 < r + s < p+q to ensure Gr rjS (M,g) is non-empty and does not consist of a single 
point; such a pair (r, s) will be said to be admissible. Let B = {e^,..., ef, ef, ..., ej} 
be an orthonormal basis for 7r £ Gr r>s (M,g). Then 

:= J(e+) + ... + J(e+) - J(ef) - ... - J[e~) 

is independent B and depends only on 7r. Following Stanilov, one says that (M, g) is 
Osserman of type (r, s) if the eigenvalues of J(n) are constant on Gr r ^ s (M,g). Let 
J n be defined by the metric g n defined in Lemma [hl| . The discussion given above 
then implies J n ( ir) n = 0 for all 7r and thus (R” +2 ,g„) is Osserman of type (r, s) 
for all admissible (r, s). We refer to the discussion in in for other examples of 
higher order Osserman manifolds. 


5. Ivanov-Petrova manifolds 


Lemma 5.1. The pseudo-Riemannian manifold (R n + , <?„) defined in Lemma LI 


is nilpotent Ivanov-Petrova of order 2 if n = 2 and nilpotent Ivanova-Petrova of 
order 3 if n > 3. 

Proof. Suppose first n = 2. We use equation H) to see: 

K-MX = *V, n~ g2 (ir)u = *Y, U §2 (ir)V = n~ 32 [ir)Y = 0 , 


where a are suitably chosen quadratic polynomials in the components of the generat¬ 
ing vectors of 7r = Span{/i, ^} which are non-zero for generic /,;. Thus Rg 2 (Tr) ^ 0 
for generic 7r while RMn) 2 = 0 for all ir. 

We use equations (|hb|), and (|4.d|) to compute IZg n (r:)Y = 0 and: 


Hg 3 (n)X £ Span {V,T}, 

Kg 3 ( t t)V = 0 , 

'R'g 2t+1 {Tr)X £ Span {T,U a ,V a }, 
^gu+iWlUa G Span{Y}, 
^gu+^) x G Span{f7 a , V a }, 
^<?2^+2 (n)V a £ SpanjF}. 


TZg 3 (n)T £ SpanjY}, 

IZg.j (n)U £ SpanjF}, 
7 ^ 92 £+i( 7r ) T G Span{Y}, 
(n)V a £ Span{Y}, 
e Span{F}, 


This shows 7?J n (71) = 0 V 7r and 7 £| n (71) ^ 0 for generic n. 


□ 
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